Abstract Let p be an odd prime, and D 2p = τ, σ | τ p = σ 2 = e, στ σ = τ −1 the dihedral group of order 2p. In this paper, we provide the number of (connected) Cayley (di-)graphs on D 2p up to isomorphism by using the Pólya enumeration theorem. In the process, we also enumerate (connected) Cayley digraphs on D 2p of out-degree k up to isomorphism for each k.
Introduction
Let G be a finite group, and let S be a subset of G such that 1 ∈ S. The Cayley digraph on G with respect to S, denoted by Cay(G, S), is the digraph with vertex set G and with an arc from g to h if hg −1 ∈ S. If S is symmetric, i.e., S −1 = {s −1 | s ∈ S} = S, then hg −1 ∈ S if and only if gh −1 ∈ S, and so Cay(G, S) can be viewed as an undirected graph, which is called the Cayley graph on G with respect to S. In particular, if G is a cyclic group, then the Cayley (di-)graph Cay(G, S) is called a circulant (di-)graph.
Let Cay(G, S) be the Cayley digraph on G with respect to S. Suppose that σ ∈ Aut(G), where Aut(G) is the automorphism group of G. Let T = α(S). Then it is easily shown that α induces an isomorphism from Cay(G, S) to Cay(G, T ). Such an isomorphism is called a Cayley isomorphism. However, it is possible for two Cayley digraphs Cay(G, S) and Cay(G, T ) to be isomorphic but no Cayley isomorphisms mapping S to T . The Cayley digraph (resp. Cayley graph) Cay(G, S) is called a DCI-graph (resp. CI-graph) of G if, for any Cayley digraph (resp. Cayley graph) Cay(G, T ), whenever Cay(G, S) ∼ = Cay(G, T ) we have α(S) = T for some α ∈ Aut(G). A group G is called a DCI-group (resp. CI-group) if all Cayley digraphs (Cayley graphs) on G are DCI-graphs (CI-graphs). Clearly, a DCI-group is always a CI-group, but the converse is not always right. The investigation of CIgraphs (DCI-graphs) or CI-groups (DCI-groups) stems from a conjecture proposed byÁdám [1] : all circulant graphs are CI-graphs of the corresponding cyclic groups. This conjecture was disproved by Elspas and Turner [9] , and however, the conjecture caused a lot of activity on the characterization of CI-graphs (DCI-graphs) or CIgroups (DCI-groups) [3] [4] [5] [6] [7] [8] [11] [12] [13] [14] [15] 17, [20] [21] [22] 24] . Another motivation for investigating CI-graphs (DCI-graphs) or CI-groups (DCI-groups) is to determine and enumerate the isomorphic classes of Cayley graphs for a given group. By the definition, if Cay(G, S) is a CI-graph (DCI-graph), then to decide whether or not Cay(G, S) is isomorphic to Cay(G, T ), we only need to decide whether or not there exists an automorphism α ∈ Aut(G) such that α(S) = T . For this reason, Mishna [19] (see also [2] ) applied the Pólya enumeration theorem to count the isomorphic classes of Cayley graphs (Cayley digraphs) on some CI-groups (DCI-groups). Also, the isomorphic classes of some families of Cayley graphs which are edge-transitive but not arc-transitive were determined in [18, 25, 26] . For more results about CI-problem (DCI-problem) and determination for isomorphic classes of Cayley graphs, we refer the reader to the review paper [16] and references therein.
Let p be an odd prime, and D 2p = τ, σ | τ p = σ 2 = e, στ σ = τ −1 the dihedral group of order 2p. In [3] , Babai showed that D 2p is a DCI-group. This remind us the Pólya enumeration theorem could be used to enumerate the isomorphic classes of Cayley (di-)graphs of D 2p . In this paper, inspired by Mishna's work [19] , we obtain the number of (connected) Cayley (di-)graphs on D 2p up to isomorphism. In the process, we also enumerate (connected) Cayley digraphs on D 2p of out-degree k up to isomorphism for each k.
Main tools
Let G be a finite group and X a finite set. A (left) action of G on X, denoted by (G, X), is a map from G × X to X, with the image of (g, x) being denoted by gx, which satisfies the following two conditions:
(1) ex = x for all x ∈ X, where e is the identity of G;
(2) (gh)x = g(hx) for all g, h ∈ G and all x ∈ X.
If there is an action of G on X, then we say that G acts on X or that X is a G-set. The action (G, X) is called faithful if the only element g ∈ G satisfying gx = x for every x ∈ X is the identity element. Let X be a G-set. For each x ∈ X, we define the orbit of x to be the subset Gx = {gx | g ∈ G} of X, and we define the stabilizer of x to be the subset G x = {g ∈ G | gx = x} of G. It is easy to see that all the orbits form a partition of X and that G x is a subgroup of G.
Let G be a permutation group on X (|X| = n). Then G acts on X naturally by defining gx = g(x). For g ∈ G, we denote by b k (g) the number of cycles of length k in the disjoint cycle decomposition of g, where k = 1, 2, . . . , n. Then the cycle type of g ∈ G is defined as type(g) = (b 1 (g), b 2 (g), . . . , b n (g)). Clearly, b 1 (g) + 2b 2 (g) + · · ·+ nb n (g) = n. The cycle index I(G, X) of the permutation group G acting on X is defined to be the polynomial
where x 1 , x 2 , . . . , x n are indeterminates. Let A and C be finite sets. Denote by
the set of all maps from A to C. Let G be a permutation group acting on A. Then we obtain a group action (G, C A ) naturally by setting:
where f • g −1 denotes the composite of the maps f and g −1 . Under the group action (G, C A ), two maps in C A are said to be G-equivalent if they belong to the same orbit. The Pólya Enumeration Theorem provides the number of orbits of the group action (G, C A ).
Lemma 2.1. (Pólya Enumeration Theorem, see [10] , Chapter 2.) Let A and C be finite sets with |A| = n and |C| = m. Let G be a permutation group acting on A.
Denote by F the set of all orbits of the group action (G, C A ). Then
where
Let G be a permutation group acting on A. Two k-subsets S and T of A are said to be G-equivalent if there exists some g ∈ G such that g(S) = T . The following result enumerates the G-equivalent k-subsets of A. Lemma 2.2. (See [10] , Chapter 2.) Let A be a finite set with |A| = n, and let G be a permutation group acting on A. Then the number of G-equivalent classes of k-subsets of A is equal to the coefficient of x k in the polynomial P G (1 + x, 1 + x 2 , . . . , 1 + x n ), where P G (x 1 , x 2 , . . . , x n ) is the cycle index of (G, A) defined in (1) .
Recall that a group G is a DCI-group if all Cayley digraphs on G are DCI-graphs. The following result due to Babai [3] shows that the dihedral group D 2p (p prime) is a DCI-group. [23] .) Suppose n > 2 is an integer and 
, and furthermore, we observe that α s,t (A 1 ) = A 1 and α s,t (A 2 ) = A 2 for each α s,t ∈ Aut(D 2p ).
Also, since p is an odd prime, we know that
is a cyclic group of order p − 1 with the multiplication of integers module p. Thus we can assume that 
and for each
Proof. Let A 1 and A 2 be defined as above. Since α s,t (
, we consider the following two situations. Case 1. s = 1;
. Thus the permutation α 1,t splits A 2 into exactly one cycle, which is of length p. Therefore, we have obtain the cycle type of α 1,t , as shown in (5).
Firstly, we shall prove that α s,t has the same cycle type as α s,0 for each t ∈ Z p . As
, α s,t and α s,0 have the same cycle type in A 1 . Now consider α s,t and α s,0 acting on
) is a cycle of α s,t . Therefore, α s,t and α s,0 also have the same cycle type in A 2 because β is a bijection. Hence, we just need to consider the cycle type of
, and splits A 2 into
and one cycle of length 1. Then we have obtained the cycle type of α s,t , as shown in (6) .
We complete the proof.
Let n be a positive integer. The Euler's totient function Φ(n) is the number of integers k in the range 1 ≤ k ≤ n for which the greatest common divisor gcd(n, k) is equal to 1. Let n = p 
where Φ(·) denotes the Euler's totient function.
Proof. By Lemma 3.1, the cycle index of Aut(D 2p ) acting on A = D 2p \ {e} is
According to Lemmas 3.2, 2.1 and the arguments at the begining of the section, we obtain the number of Cayley digraphs on D 2p up to isomorphism immediately. Theorem 3.1. Let p be an odd prime. The number of Cayley digraphs on D 2p up to isomorphism is equal to
where Φ(·) is the Euler's totient function.
In [19] , Mishna enumerated the circulant digraphs of order p up to isomorphism.
Lemma 3.3. (See [19] .) Let p be an odd prime. The number of circulant digraphs of order p up to isomorphism is given by
where Φ(·) is the Euler's totient function. 
It is well known that a Cayley digraph Cay(G, S) is connected if and only if S = G. Thus, for S ⊆ A = D 2p \ {e}, the Cayley digraph Cay(D 2p , S) is disconnected if and only if S
where N and N c are presented in (8) and (9), respictively.
Theorem 3.3. Let p be an odd prime and let M k denote the number of Cayley digraphs on D 2p of out-degree k up to isomorphism. Then
and Φ(·) is the Euler's totient function.
Proof. Clearly, if k = 0 (resp. k = 2p − 1), then Cay(D 2p , ∅) (resp. Cay(D 2p , D 2p \ {e})) is the unique Cayley digraph on D 2p with out-degree k. It suffices to consider 1 ≤ k ≤ 2p − 2. By Lemma 3.1, the cycle index of Aut(D 2p ) acting on A = D 2p \ {0} is
.
Putting x i = 1 + x i in the above equation, we obtain the polynomial 
We obtain the result as required.
Lemma 3.4. (See [19] .) Let p be an odd prime. The number of circulant digraphs of order p with out-degree k up to isomorphism is given by
where M k and M c,k are presented in (11) and (12), respictively.
Example 1. Take p = 3 and consider the dihedral group
Then it is easy to see that all the representative elements of Aut(D 6 )-equivalent classes of subsets of A are as follows: ∅, {τ }, {σ}, {τ, τ 2 }, {τ, σ}, {σ, τ σ}, {τ, σ, τ σ}, {τ, τ 2 , σ}, {σ, τ σ, τ 2 σ}, {τ, σ, τ σ, τ 2 σ}, {τ, τ 2 , σ, τ σ}, {τ, τ 2 , σ, τ σ, τ 2 σ}. Thus there are exactly twelve Cayley digraphs on D 6 up to isomorphism in which eight are connected. By Theorems 3.1 and 3.2,
as required. Also, we see that there are exactly three Cayley digraphs on D 6 with out-degree k = 2 up to isomorphism in which two are connected. By Theorems 3.3 and 3.4, we obtain
Example 2. Combining Theorems 3.3 and 3.4, we have
In Tab. 1, we list the number of connected Cayley digraphs on D 2p with out-degree k up to isomorphism for each 2 ≤ k ≤ 2p − 1, where 3 ≤ p ≤ 19. One can easily verify that (14) holds for each p. 
Tab. 1: The number of connected Cayley digraphs on
be the dihedral group of order 2p (p is an odd prime). Take A = A 1 ∪ A 2 , where
Then Aut(D 2p ) acts on A naturally by setting α s,t (τ i ) =τ si and α s,t (τ j σ) = τ sj+t σ for each α s,t ∈ Aut(D 2p ). Furthermore, if α s,t ∈ Aut(D 2p ) fixes every element of A,
, which gives that sj 0 = j 0 in Z p , thus we must have s = 1 due to j 0 ∈ Z p \ {0} = Z × p is invertible. Therefore, we obtain that α s,t = α 1,0 , which is the identity element of Aut(D 2p ). This implies that Aut(D 2p ) acts on A faithfully, and so can be viewed as a permutation group on A. Also observe that α s,t (A 1 ) = A 1 and α s,t (A 2 ) = A 2 for each α s,t ∈ Aut(D 2p ). Let C = {0, 1}. As explained at the begining of Section 3, we may conclude that the number of Cayley graphs on D 2p up to isomorphism is equal to the number of orbits of the group action (Aut(D 2p ), C A ). Thus the primary task is to calculate the cycle index of Aut(D 2p ) acting on A. 
, 
, we consider the following two situations.
, so the permutation α 1,t splits A 1 into p−1 2 cycles each of length 1. Also note that α 1,t (τ j σ) = τ j+t σ for j ∈ Z p . As in the proof of Lemma 3.1, we may conclude that the permutation α 1,t splits A 2 into p cycles each of length 1 when t = 0 and exactly one cycle of length p when t ∈ Z p \ {0}. Therefore, we have obtained the cycle type of α 1,t , as shown in (16) . Case 2. s = 1, say s = z is (i s = 0); Note that α s,t (τ i ) =τ si for i ∈ Z p \ {0} and α s,t (τ j σ) = τ sj+t σ for j ∈ Z p . Firstly, we shall prove that α s,t has the same cycle type as α s,0 for each t ∈ Z p . As 
Thus the permutation α s,0 splits A 1 into . Also note thatō(s) = 1 if and only if s = −1 due to s = 1. Since the order of
, for any j ∈
and one cycle of length 1. Then we have obtained the cycle type of α s,t , as shown in (17) .
Lemma 4.2. Let A = A 1 ∪ A 2 be defined as in (15) . The cycle index of Aut(D 2p ) acting on A is given by
Proof. By Lemma 4.1, the cycle index of Aut(D 2p ) acting on A is 
In [19] , Mishna also enumerated the circulant digraphs of order p up to isomorphism. 
As in Section 3, from Theorem 4.1 and Lemma 4.3 we also give the number of connected Cayley graphs on D 2p up to isomorphism. 
where N ′ and N ′ c are presented in (19) and (20), respictively. Example 3. As in Example 1, we take p = 3 and consider the dihedral group D 6 . Let A = D 6 \ {e}. Then it is easy to see that all the representative elements of Aut(D 6 )-equivalent classes of inverse-closed subsets of A are as follows: ∅, {σ}, {τ, τ 2 }, {σ, τ σ}, {τ, τ 2 , σ}, {σ, τ σ, τ 2 σ}, {τ, τ 2 , σ, τ σ}, {τ, τ 2 , σ, τ σ, τ 
